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Abstract

This study describes a new method of experimental design to obtain a response surface of buckling load of laminated composites.
Many evaluations for genetic algorithms for stacking sequence optimizations require high computational cost. That evaluation cost
can be reduced by an approximation using a response surface. For a response surface for stacking sequence optimizations, lami-
nation parameters are adopted as variables of the approximation function of the entire design space instead of ply angles for each
ply. This study presents, proposes and investigates a new method of experimental design in detail. For most analytical tools, stacking
sequences is demand as input data and lamination parameters cannot be applied directly to the tools. Therefore, the present study
proposes and applies a new D-optimal set of laminates to the stacking sequence optimizations of the problem of maximization of
buckling load of a composite cylinder. The new experimental design is a set of stacking sequences selected from candidate stacks
using D-optimality. Consequently, the D-optimal set of laminates is shown to be effective for design of experiments of response

surfaces for maximization of the buckling load of composite structures.
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1. Introduction

Laminated composite materials are usually fabricated
from unidirectional plies of given thickness and with
fiber orientations limited to a small set of angles, e.g., 0°,
+45°, —45°, and 90°. The problem of designing such
laminates for various strength and stiffness requirements
is an integer-programming problem of selecting a re-
quired number of plies of each orientation and then
determining an optimal stacking sequence. Although the
branch and bound method has been used occasionally
for solution (e.g., [1]), genetic algorithms are very pop-
ular for solving such stacking sequence optimization
problems (e.g., [2-18]).

Unfortunately, integer programming solution tech-
niques usually require large computational resources.
For this reason, many composite structures optimiza-
tion codes (e.g., PANDA2 [19]) use ply thickness as
design variables with a fixed stacking sequence. Those
codes perform continuous optimization. The solution of
a continuous number is then rounded to an integer of
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number of plies. This approach yields sub-optimal de-
signs; moreover, it cannot accommodate some con-
straints easily. An example of a constraint that is
difficult to handle with the ply-thickness design variable
is the limit of four on the number of contiguous plies of
the same orientation used to reduce the chance of matrix
cracking.

A previous work has suggested a two-stage approach
to the design of composite laminates to overcome those
difficulties [20]. In that paper, continuous design vari-
ables are used to obtain an initial solution first. Then an
approximation to the structural response is constructed
in the neighborhood of the continuous optimum. Finally
a genetic algorithm is used to find the integer solution in
that neighborhood. This approach is similar in its
overall philosophy to a combination of the dual method
with convex approximations.

A key ingredient in that previously proposed ap-
proach is the use of lamination parameters instead of the
ply thickness as design variables for the continuous
optimization problem and for approximation. Use of
lamination parameters, introduced by Miki [21] and
Fukunaga [22] for the solution of laminate design
problems, gives two advantages over the use of ply


mail to: atodorok@ginza.mes.titech.ac.jp

350 A. Todoroki, T. Ishikawa | Composite Structures 64 (2004) 349-357

thickness variables. First, they reduce the number of
design variables considerably and allow easy use of ap-
proximation for changes in stacking sequence (e.g.,
Nagendra et al. [23]). Second, problems formulated with
lamination parameters suffer much less from multiplicity
of local optima, but have nearly the same performance.
Although it is not essential for general application of
this approach, the present work employs quadratic
polynomial response surface approximations for both
stages. The approximation is constructed for the entire
design space in the first stage. In this respect, it is similar
to the approach of Gangadharan et al. [24], who used
thickness design variables. In the second stage the
response surface is constructed in the neighborhood of
the continuous optimum.

Our previous study [20] employed a response surface
to reduce the evaluation cost of a genetic algorithm for
stacking sequence optimizations. The variables of the
response surface are the lamination parameters instead
of the ply angles. The response surface is regressed from
optimally selected design points using a D-optimal de-
sign. The use of lamination parameters reduces the
number of analyses required for creation of the response
surface. The accuracy of the response surface is en-
hanced by optimal selection of analysis points. A genetic
optimization is adopted for obtaining stacking se-
quences of simply supported rectangular laminates to
maximize buckling load. Thereby, we investigate the
effectiveness of this approach. In the previous study,
only out-of-plane lamination parameters are considered
for optimization because of the simplicity of the opti-
mization problem.

However, not only out-of-plane lamination parame-
ters but also the in-plane lamination parameters have
effects on the buckling load for some practical composite
structures as in buckling load maximization of a cylin-
drical shell. These in-plane and out of-plane lamination
parameters are not independent from each other.
Therefore, to select a set of design points using the D-
optimal without considering the hidden relationships
between in-plane lamination parameters and out-of-
plane lamination parameters may engender significant
problems such as selection of an infeasible set of lami-
nation parameters. Moreover, for most analytical tools,
stacking sequences are the demanded input data and
lamination parameters cannot be input directly into the
analysis tool.

Therefore the present study proposes a new experi-
mental design method for selection of practical lami-
nates for creation of a response surface. The new
method employs D-optimality for selections from a set
of feasible laminates. The method is applied to a simple
example of a stacking sequence optimization of buckling
load maximization for a composite laminated cylinder.
The buckling load of the cylinder is approximated using
the response surface. This study uses a genetic algorithm

with a recessive-gene-like strategy (see Ref. [12]) for
stacking sequence optimizations.

2. Lamination parameters
In-plane stiffness terms of the symmetric laminates

are represented with in-plane lamination parameters V;
i=1,...,4) as
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where 4 is the thickness of the laminate, U; i = 1,...,5)
are material invariants, and V] represents in-plane
lamination parameters. The material invariants are
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where z is the coordinate of the thickness direction, the
origin is located in the middle of the plate, and 0(z) is the
fiber angle of the location of z.

Out-of-plane stiffness terms of the laminates are
represented with out-of-plane lamination parameters
W; as
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The out-of-plane lamination parameters are defined as
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3. Response surface method
3.1. Curve fitting

Response surface methodology is applied to obtain
an approximation to a response function in terms of
predictor variables. The response model is generally
written as

»Xn) + &, (7)

where y is the response, x; (i = 1,...,n) are predictor
variables, and ¢ is an error term. If ' is a model that
exactly describes the physical process being modeled, &
may be considered to represent random error resulting
from numerical or experimental noise. The function F is
normally selected to be a polynomial. For a quadratic
polynomial, F is written as

y:F(xlax27"'

n

y =P+ Z Bixi + Z Bijxix;, (8)

i=1 i=1/>i

where f§ represents unknown coefficients. Let us consider
a case employing two variables and a quadratic poly-
nomial. The response surface is expressed as

y = Po+ Bixi + Boxa + ixi + Buxs + Psxixa. )
For ease of notation, let x; = x, x4 = x5 and x5 = xx,.
Thereby, the equation becomes

Y = PBo+ Bix1 + Poxa + Bsxs + Baxa + Psxs. (10)

The unknown coefficients f8; (i = 0,...,5) in Eq. (10) are
estimated by a linear multiple regression. The linear
multiple regression model is rewritten in matrix form as

Y =Xp +¢, (11)
where
V1 I xn X2 - Xi
» 1 xy x -0 xx
Y = 5 X = )
In I X0 X2 - X
(12)
/}0 &
ﬁl &
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where € is an error vector.
The unbiased estimator b of the coefficient vector
is obtained using the least square error method as

b= (X"X)"'XTY. (13)

The variance—covariance matrix of b is obtained as

cov(b;,b;) = Cy = a*(X'X) ', (14)

where ¢ is the error of Y. The estimated value of ¢ is
SS
2 E
= — . 15
T k-1 (15)
In that equation, SSg is the squared sum of errors ex-
pressed as the following:

SSe = Y'Y - b'X"Y. (16)

The adjusted coefficient of multiple determination
Rﬁdj (R-square-adjusted) is used to evaluate the perfor-
mance of the approximation of the response surface

),y SSe/(n—k—1)
Ry =1 W (17)

In that calculation, S,, represents the sum of squares. It
is calculated as the following:
n 2
S}V:YTY—M, (18)
: n

Each coefficient of the response surface can be tested

using the -statistic. The f-statistic of the coefficient b; is
b,
fy = ———, (19)
1/ a2 ij

where Cj; is the element of number jj of the variance—
covariance matrix of Eq. (14).

3.2. Design of experiments

A set of data points where the response “y” is cal-
culated or measured is required to obtain the response
surface. It is desirable to select a better set of data points
that maximizes accuracy of the approximation for a
given number of data points. The process of selecting a
set of the better data points is known as design of ex-
periments (DOE). Standard DOE arrangements are
available for box-like or spherical domains. However,
we cannot use such simple geometrical arrangement of
points for more complicated design domains. Instead, a
D-optimal computer-generated DOE is used to select
data points. The D-optimality criterion which minimize
the sensitivity of b to errors in y are the most widely used
criterion for selection of data points for computer gen-
erated DOE.

The D-optimality criterion maximizes the determi-
nant of the moment matrix, M, which is defined (e.g.,
Myers and Montgomery [25]) as

T
M= % (20)

A related measure is the D-efficiency
(Det[X"X])'""”

k )
where p is the total number of parameters included in

the response surface model (the order of the matrix M).
If all variables are normalized so that they vary from —1

Dy = (21)
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to 1, then the maximum value of the Dy is 1. Further-
more, the quality of the set of points can then be mea-
sured by Deg.

Our previous paper [20] presented a stacking se-
quence optimization using a genetic algorithm (GA).
The response surface method was employed to reduce
the computational cost of evaluations of laminates
for the GA. The number of variables was reduced by
use of the lamination parameters as variables of the
response surface. The typical response surface is repre-
sented as

y == Py + P+ By + B+ B+ B Wy
(22)

where y is the response, A is the buckling load, and f5; are
coefficients obtained by regression.

This method is applied to the problem to maximize
buckling load of a simply supported rectangular plate
with the GA. A D-optimal design of experiments is
performed in this study to create the response surface.
From candidate points generated by equally spaced
points in the out-of-plane lamination parameters
(W, Wy), 12 appropriate points were selected with
D-optimality in the previous paper [20].

4. Stacking sequence optimization using GA
4.1. Coding and repair

An elitist genetic algorithm (GA) is adopted to solve
the combinatorial problem of stacking sequence opti-
mization of a composite plate coded by one chromo-
some. Only half of the plies of a laminate are coded
in the chromosome because of symmetry.

Trinary numbers are employed here for coding of ply
angles as genes: each gene has a value of 0, 1 or 2. Ba-
sically the number O corresponds to the 0° ply and the
number 2 corresponds to the 90° ply. ‘Odd’ occurrences,
i.e., the first (outermost), third, fifth, etc. of number 1
correspond to 45° plies, whereas ‘even’ occurrences
correspond to —45° plies. For example, a chromosome
of [0/1/1/2/1/2/0] is decoded into a stacking sequence of
[0/45/-45/90/45/90/0];. There is one unbalanced 45° ply
when the number of occurrences of 1 is odd. This is
repaired by the repair system described below.

4.2. Repair system

Decoding starts with the outermost ply: if five con-
tiguous plies of the same orientation are encountered,
the innermost gene value is incremented by one before
translation. Note that the gene is not changed in the
chromosome, but it is translated as if its value were one
higher. Additional details including treatment of plies
near the plane of symmetry may be found in Ref. [12].

Even if the laminated plate is unbalanced, there is
only a single unbalanced 45° ply. To repair this unbal-
ance, the repair system first attempts to replace one
+45°-ply with a 90°-ply or a 0°-ply. The 45°-ply position
replaced by a 90°-ply or a 0°-ply is the innermost 45°-ply
that can be replaced without violating the four-contig-
uous-ply rule: the same fiber angle plies must not
stacked more than four plies. If it is impossible to effect
this repair, the innermost 90°-ply or 0°-ply is replaced
by a 45°-ply. For details see Ref. [12].

4.3. Genetic operators

Parents are selected by the roulette wheel method
using a two-point crossover with probability P, = 0.8.
Mutation is applied to two genes; the probability of
mutation per gene is chosen so that the probability of
mutation in a chromosome is 80%. Following Le Riche
and Haftka [3], a permutation operator that inter-
changes the position of two genes is applied with
probability of 100%. Parameters of the GA are identical
to those in Ref. [20].

4.4. GA with response surface

The most time consuming process for the GA of
structural optimizations is the iterative evaluations be-
cause the GA optimization procedure requires multiple
evaluations of the fitness of each chromosome. Opti-
mizing a stacking sequence of a laminated structure to
maximize the buckling load usually requires computa-
tionally high-cost, repetitive FEM analysis. Therefore, a
previous study employed a response surface that pro-
vides approximate buckling load [20]. The response
surface variables were out-of-plane lamination parame-
ters instead of respective fiber angles. This reduced non-
linearity of the problem while reducing the number of
variables for thick laminates. The previous paper ap-
plied the method to the stacking sequence optimization
to maximize the buckling load of a simply supported
rectangular plate. Only out-of-plane lamination pa-
rameters are considered for that problem; only 12 cal-
culations were needed to create the response surface.

5. New design of experiments for composite laminates

Our previous paper [20] proposes the optimization
problem of maximizing the buckling load of a simply
supported rectangular laminated plate. The problem re-
quires only out-of-plane lamination parameters (#}*, ;")
because the problem is dominated only by bending stiff-
ness. Twelve laminates are selected using the D-optimal
from the equal spacing 2000 candidates in out-of-plane
lamination parameters (W,", ;") to create a response
surface of estimations of the buckling load of Eq. (22).
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Simple equal spacing candidates of laminates are not
always feasible laminates because the in-plane lamina-
tion parameters (7", 7;) and out-of-plane lamination
parameters (W;", W;") are not independent of each other.
Therefore this method cannot be applied to this problem
which requires both in-plane and out-of-plane lamina-
tion parameters for creation of an approximation func-
tion of the objective function. In the present study, a
feasible set of laminates is selected from among all fea-
sible laminates. Let us consider the case of a 16-ply
laminate. The total number of entire feasible laminates is
3% = 6561 because we consider only a symmetric laminate
and we adopt trinary numbers for genes that represent
the fiber angles. We can select feasible laminates from the
set of feasible laminates using the D-optimal.

The practical procedure is as follows. First, decimal
numbers from 0 to 6560 are transformed to corre-
sponding trinary numbers. For example, the decimal
number 128 is transformed to “00011202”. The trinary
numbers are decoded to stacking sequences in consid-
eration of the balance rule with the recessive gene like
repair strategy. For example, the “00011202” is decoded
to the stacking sequence of [0/0/0/45/—-45/90/0/90];. The
in-plane lamination parameters (¥}*, V") and the out of-
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Fig. 1. Entire stacking sequences of symmetric laminates of 16 piles:
(a) in-plane lamination parameters, and (b) out-of-plane lamination
parameters.

plane lamination parameters (W, W,") are calculated for
all feasible laminates. The entire set of feasible laminates
is plotted in in-plane lamination parameter coordinates
and out-of-plane lamination parameter coordinates as
shown in Fig. 1(a) and (b), respectively. Dots in the
figures represent feasible laminates. Similar laminates
are all deleted from candidates for simplicity of calcu-
lation of the D-optimality because the set of the all
laminates has too many similar coordinates especially in
the out-of-plane lamination parameter coordinates. The
set of lamination parameters of a laminate is regarded as
a vector of four-dimensional coordinates. All similar
laminates located within a sphere that has a radius of
20% of the length of the vector are deleted from the set
of candidates. Appropriate laminates are selected by
D-optimality from the remaining laminates.

In the present study, a quadratic polynomial is em-
ployed as a function of a response surface. Fifteen un-
known coefficients exist in the quadratic polynomial
function of four variables because the number of lami-
nation parameters is four. The number of experiments in
the present study is determined to be 36 because the

Table 1

Selected D-optimal set of laminates
1 [0/0/0/0/0/0/0/0]
2 [0/0/0/0/0/0/45/—45],
3 [0/0/0/0/0/90/90/90]
4 [0/0/0/0/45/-45/45/-45],
5 [0/0/0/0/90/90/90/90];
6 [0/0/45/—45/45]-45/45/-45];
7 [0/0/45/-45/45/-45/90/90],
8 [0/0/90/90/45/-45/45/-45],
9 [0/0/90/90/90/90/90/90],
10 [0/45/-45/45/-45/90/90/90]
11 [0/90/0/90/90/90/0/0];
12 [0/90/90/90/90/90/45/-45];
13 [0/90/90/90/90/90/90/90]
14 [45/0/0/—45/0/45/0/-45],
15 [45/-45/0/0/0/0/0/0];
16 [45/-45/0/0/0/0/90/90],
17 [45/-45/0/0/0/90/90/90],
18 [45/-45/45/-45/0/0/0/0],
19 [45/-45/45/-45/45/-45/0/0];
20 [45/-45/45/-45/45/-45/45/-45];
21 [45/-45/45/-45/45/-45/90/90]
22 [45/-45/45/-45/90/90/90/90],
23 [45/-45/90/90/90/0/0/0]
24 [45/-45/90/90/90/90/90/90];
25 [90/0/0/0/0/0/0/0];
26 [90/45/-45/45/-45/0/0/0],
27 [90/45/-45/90/45/90/-45/90];
28 [90/90/0/0/0/0/0/0],
29 [90/90/0/0/0/0/45/-45
30 [90/90/45/-45/45/-45/0/0],
31 [90/90/45/—45/45/—-45/45/-45];
32 [90/90/90/90/0/0/0/0];
33 [90/90/90/90/45/—-45/45/—45];
34 [90/90/90/90/90/90/0/0],
35 [90/90/90/90/90/90/45/—45];
36 [90/90/90/90/90/90/90/90],
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number of experiments required for regression is ap-
proximately more than twice the number of coefficients.
The D-optimal design was performed using JMP soft-
ware of SAS. The selected laminates are shown in Table
1 and plots of all the selected laminates are shown in
Fig. 2(a) and (b). The value of Dy of the set is 6.3%,
which is lower than Dy = 25.6% of the previous paper
[20]. In that paper, the D-optimal set of points was se-
lected from equally distributed points. The new D-
optimal set of the laminates is only selected from feasible
laminates. The low Dy of the D-optimal set of the
laminates shows that a severe constraint exists between
the in-plane lamination parameters and the out-of-plane
lamination parameters for feasible laminates.

The selected D-optimal laminates are not limited to
16-ply laminates. For example, let us consider the case
whereby the number of plies is 2N (N is positive integer)
for a laminate. Let the normal thickness of a ply be #,.
When we regard the laminate comprising plies of the
thickness #* = h,N /8, the D-optimal laminates shown in
Table 1 have identical lamination parameters as those
shown in Eq. (9). That means the set is D-optimal. Of
course, the D-optimal set is different for the case of a
different number of plies. That difference, however, can
be neglected. For example, for the case of the number of
plies is 12, Deg is 6.2%, and Deg is 6.4% for the case

7
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Fig. 2. Selected stacking sequences of D-optimal set of laminates: (a)
in-plane lamination parameters, and (b) out-of plane lamination pa-
rameters.

where the number of plies is 20. Increasing the number
of plies simply increases the density of the plots in Fig. 1;
the increase of the number of plies does not mean a
change of the feasible design space of the lamination
parameters. This causes the small changes of the Dy
with the increase of the number of plies. We can use the
D-optimal set of laminates in Table 1 for any laminate
by changing the thickness of plies to #* because the Degy
is approximately constant for all laminates.

6. Application of the new method
6.1. Optimization problem

A stacking sequence optimization to maximize
buckling loads of a composite cylinder under axial
compression loading is conducted here to confirm ef-
fectiveness of the new D-optimal laminates. Fig. 3 shows
the configuration of the composite cylinder. The outer
radius is R and the length of the cylinder is L. Thickness
of the composite laminate is . For s composite cylinder
composed of thin orthotropic laminates, the analytical
buckling load has already been obtained by Tasi [26]
as follows:

(1) Axial symmetric buckling (m = 0,n = 1):

Ny 2 Jdn b%z b1y
2) = A + : 23
( t >s RtV ax andy  Vand, 23)

(i1)) Non-axial-symmetric buckling (n # 0):

Nx
t u
2
| [ (‘153-0-\/@1‘1)2-6-(15%)
22
= /2o \/ @D, +
Rt an 1+ ¢2 / ! 2+ »

(24)

Fig. 3. Cylindrical coordinates.
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where the following are true

and 4 dir + 2dss  Jandi ,
O =——ut+2 +1, 25
: azzdzzu Vdidy azzdzz'u (25)
012+0.5a(,6
@, =t 22 021 26
)=+ N +1, (26)
by Jai 4 {0.5(b1y + b)) — bes} » by
Oy =2 [t 42 4+ —,
’ an dzz“ Vands K Vaidyn
(27)
2 fa
2 22
=—,/= 28
H n? LZ]]’ ( )
mmnR
= —. 2
=2 (29)

In Eqgs. (23)-(29), ay;, by, d;; (i,j = 1,2, 6) are elements
of the compliance matrix of composite laminates. The m
is the half-wave number of buckling mode in the axial
direction, whereas n is the circumferential wave number
of buckling mode. Only symmetric laminates are con-
sidered in the present study. All elements of b;; vanish in
the equations above. Egs. (23) and (24) give an exact
buckling load only for a case where each laminate
has orthotropic stiffness. However, the equations are

1 300

0.2
o
-0.2

-0.6

T
-02 0 0.2 0.6 1
Wi W= =0

Fig. 4. Contour plots of buckling load of composite cylinder: (a) in-
plane, and (b) out-of-plane.

adopted in the present study as an approximate analysis
for buckling of thin cylinders.

Eq. (23) gives the axial symmetric buckling load; Eq.
(24) gives the non-axial-symmetric buckling loads for all
combinations of m, n (m=1,...,20, n=1,...,20). In
these buckling loads, the smallest buckling load is se-
lected as the critical buckling load of the composite
cylinder. In the case where n of the critical buckling load
is 20, the buckling load of the case of n = oo is addi-
tionally calculated. If the buckling load of the case of
n = oo is smaller than that of the case of n = 20, the
buckling load of the case of n = oo is decided selected
as the approximated buckling load.

The problem solved in the present paper is the design
of an optimal stacking sequence that provides the
maximum buckling load for a composite cylinder. The
objective function of GA is selected as

f=min(Nx/t)/(1 + «+ B). (30)

The buckling load of Egs. (23) and (24) is not accurate
for laminates with large values of bending and twisting
coupling stiffness Djg and Dy. The o and f in Eq. (30)
are penalties for laminates that have large values of Dy

1
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50400, 300°%,
0.6
0.2
">N
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-0.2
45
-0.64 0
| @
-1 T T T T ! T T T
-1 -0.6 02 0 02 0.6 1
vy Wy=W;=0
1
1/ / // \\ A\
-1 \300 300,
350 350,
0.6 40 400
0.2
N
S0 450 450
0.2
0.6
o \/
-1 T T T 1 T T T T
-1 -0.6 02 0 0.2 0.6 1

W,

V= V,=0

Fig. 5. Contour plot of response surface: (a) in-palne, and (b) out-of-

plane.
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Table 2
Optimal stacking sequences obtained by GA with response surface

Optimal stacking sequences 4

vy Wy Wy Reliability (%)

Obtained from RS [45/0/90/-45/90/45/45/0]; 0

[45/90/0/-45/0/45/-45/90];

0 0 0 100

and Dys. The magnitude of the D4 and D,4 terms can be
measured by the following two non-dimensional terms:
Dig Do
V= A 0T A (31)
(D}, D2) (D3,D11)

Nemeth [27] has shown that the effect of Djs and Dy can
be neglected when both y and 6 are lower than 0.2. In a
case where y and 0 are higher than 0.2, the values of the
y and ¢ are directly set to penalties o and f in the
Eq. (30), respectively.

6.2. Results and discussion

It is possible to obtain the exact optimal laminate by
solving numerous points of lamination parameters on
the basis of the assumption that lamination parameters
are completely independent of each other and that
lamination parameters are continuous variables. The
optimal point obtained with the assumption is (V}*, V5",
Wy, Wy) =(0,0,0,0). The optimal point with the as-
sumption does not always mean that is a feasible point
for practical laminates because there are constraints for
practical laminates. The search for an optimal stacking
sequence is a combinatorial optimization problem: the
GA is required to solve it.

The practical design space near the optimal point is
shown in Fig. 4. Fig. 4(a) shows the contour plot of the
buckling load of the case that the out-of-plane lamina-
tion parameters are fixed to (W, W,) = (0,0). In the
same way, Fig. 4(b) shows the contour plot of the
buckling load of the case where in-plane lamination
parameters are fixed to (V}*, V") = (0,0).

A response surface to estimate the buckling load is
created from analytical results for 36 laminates shown in
Table 1. A quadratic polynomial is employed for the
response surface function. All coefficients are tested us-
ing ¢-statistics (see Ref. [25]); the coefficients that are not
effective for regression are deleted one by one. The
obtained best response surface is the following:

Nx * *2 *2
y=_= 449 .87 + 63.87V, — 266.73V, + 340.32W,

— 161.25V; Vy — 246.55V; W — 59.99W; Wy, (32)

The adjusted coefficient of multiple determination R is
0.904 and the residual sum of squares is 31.95. The high
R represents that the response surface has good fit to
the buckling load. The contour plot of the buckling load
near the optimum is shown in Fig. 5. The constraint of

Fig. 5 is the same as that of Fig. 4. The optimal point of
the response surface is (V;*, V', Wi, W) = (0,0.198,0,0)
when we consider that the lamination parameters are
independent with each other and continuous. The opti-
mal point with this assumption is slightly different from
the exact optimal point obtained from the buckling
formulas. Stacking sequence optimizations were per-
formed with the GA using the obtained response
surface. Table 2 shows the obtained optimal stacking
sequence with the GA. We conducted 100 runs of the
GA changing the seeds of the random number because
the GA is based on random numbers; we obtained a
measure of reliability of the optimality. The result in-
dicated 100% reliability in this case. On the basis of the
result, we can conclude that the response surface ob-
tained from the D-optimal set of laminates is effective
for stacking sequence optimizations.

7. Concluding remarks

This study presented a new D-optimal set of lami-
nates for creation of a response surface for stacking
sequence optimizations. The optimal set of laminates
can be applied to any structural analysis tools that re-
quire practical stacking sequences for calculations be-
cause the new D-optimal set of laminates provides
optimal stacking sequences for calculations to create a
response surface. The proposed D-optimal set of lami-
nates is not limited to 16-ply laminates. It is applicable
to laminates of any number of plies by changing the ply
thickness. The effectiveness of the method is shown with
stacking sequence optimization to maximize the buck-
ling load of an axially compressed cylindrical shell.
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